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Abstract. Let ij be a Cohen-Macaulay local ring with a canonical module 
ioji. Let / be an m-primary ideal of R and M, a maximal Cohen-Macaulay 

R-module. We call the function n i > I {iloraji{M,ujji/ I^'^^ujji)) the dual 

Hubert- Samuel function of M with respect to I. By a result of Theodorescu 
this function is a polynomial function. We study its first two normalized 
coefficients. 



Introduction 

Let (i?, m) be a Cohen-Macaulay local ring of dimension d with a canonical module 
lor. If the ring R is clear from context we write ojji as oj. Let / be an m-primary 
ideal and Af , a finitely generated i?-module. 

The Hilbert-Samuel function of M with respect to / is the function 

n I — > i ( M ® — ^ I for all n ^ 0. 

It is well-known (see [3, 4.6.2]) that for all large values of n, this function is given 
by a polynomial of degree equal to dim A/. This polynomial is called the Hilbert- 
Samuel polynomial of M with respect to /. Its normalized leading coefficient ej^{M) 
is called the multiplicity of M with respect to I. 

When M is Cohen-Macaulay i?-module of dimension r, we define the dual Hilbert- 
Samuel function with respect to I by 



for all ri ^ 0, 



We call the power-series 

7^(M,i)^^f(Ext^7'^(M,^^ 

n>0 

as the dual Hilbert-Samuel series of M with respect to /. We concentrate on the 
case when dimM = dimi?, i.e., when M is a maximal Cohen-Macaulay (MCM) 
i?-module. 

For i ^ we call the function 

Extj,(Af, j^)) for aU n ^ 

as the i-th dual Hilbert-Samuel function of M with respect to I. We study these 
functions for i = 0, 1 and when M is MCM. Using Theodorescu's result [9, 4], 
it follows that this function is given by a polynomial in n for all large values of 
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n. We denote this polynomial by e\j{I,t) and call it the i-th dual Hilbert- Samuel 
polynomial of M with respect to I. Furthermore we have 

(1) for 1 = 0, the dual Hilbcrt-Samucl polynomial e\j{I ,t) is of degree d. 

(2) for each i > 0, the i-th dual Hilbert-Samuel polynomial s\j{I, t) is of degree 
at most d — 1. 

Therefore the polynomial s^i^^ can be written in the following form 

We call the integers Cq{M),c{{M), ...,c^^{M) the dual Hilbert coefficients of M 
with respect to /. In Proposition 2.5 we show that 

4(M) = e^(M). 

This also shows that if J is a reduction of / with respect to M then Cg(M) — Cq (M). 

One might also try to plausibly study the "Dual Hilbert function" of a MCM 
module M, i.e., the function 

Si{M, n)=i {RomiiiM, F^lu/I'^+^uj)) for n > 0. 

However we feel that it is not as interesting as the Dual Hilbert-Samuel function 
for the following reasons: Assume R is Gorenstein and 7 = m. 

• The dual Hilbert function is 

(5„(M,n) = iJ,{M)i (m"/m"+^) . 

Here IJl{M) denotes the number of minimal generators of M. Thus this 
function tells very little information on M . 

• If J is a minimal reduction of m with respect to M then it can be easily 
shown that the normalized leading coefficient of the polynomial function 
(5,/(M, n) is eo(M) = eo'(M). Using the above calculation we get that 
the normalized leading coefficient of Sm.{M,n) is ^{M)e^{A). Since M is 
MCM we get that e'^{M) = iJ,{M)e'^{A) if and only if M is free. Thus 
for interesting cases we do have that leading coefficients of 6j{M,n) and 
Sm{M,n) are different. 

A crucial property of the dual Hilbert-Samuel function is that it behaves well 
modulo a sufficiently general clement in / \ ml. More spc;cifically in Proposition 
3.3 we show the following: Let x € I \ ml be sufficiently general. Set S = R/xR, 
J = I/{x) and N = M/xM. We prove 

cf(iV) =cf(Ar) forz = 0,...,d-l. 
In Theorem 4.1 we show that if M is not a free MCM i?- module then the function 

(*) (Ext^(M, ^^)) for n > 

is a polynomial type of degree d—1. Example 2.6 shows that degej^{I,t) can be 
—00 in general. A consequence of (*) is that if M is a non-free MCM i?-module 
then 

n{M)ei{iJA) > ci(M) + ci(Syzf (M)). 
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In case the ring R is Gorenstein and its associated ring Gi{R) is Cohen-Macaulay, 
we prove (see Theorem 5.7) that if r is a reduction number of / then we have 

c{{M) ^ r . ei{M) - E E ( ^ )^ (^-^^^(M, -^tt)) • 
In view of the above result we study the function 

j=0 n=0 V / \ / 

If a; S / \ ml is an /^-superficial clement then wc prove 

$^(M) ^ $^/("=)(M/.tM). 

The dual Hilbert-Samuel function behaves well with respect to the basic proper- 
ties just as the usual Hilbert-Samuel function. However for computational reasons 
it compares poorly with respect to the usual Hilbert function. In section 6 we com- 
pute the dual Hilbert-Samuel series of an Ulrich module M over a Gorenstein local 
ring R such that Gm{R) is also Gorenstein. This computation is modulo a result 
from [5]. 

We now describe in brief the contents of this paper. In section 1 we introduce 
notation and discuss a few preliminary facts that we need. In section 2 we prove 
that Cq{M) = el{M). In section 3 we discuss the behavior of the functions £°,£^ 
modulo a general element in / \ ml. In section 4 we prove that the polynomial 
s]^{m, t) is either zero or a polynomial of degree d—1. In section 5 we discuss a lower 
bound on c{(M). Finally in the last section wc compute the dual Hilbert-Samuel 
series of an Ulrich module M over a Gorenstein local ring R such that Gm(-R) is 
also Gorenstein. 

1. Notation and Preliminaries 

Throughout this paper unless otherwise stated we assume that i? is a Cohen- 
Macaulay (CM) local ring of dimension d with maximal ideal m and that residue 
field R/m is infinite. We also assume that R has a canonical module u. Let / be 
an m-primary ideal and M, a finitely generated ii-module. 

1.1. Notation : We denote the Rees Algebra of ideal / by TZ{I), the associated 
graded ring with respected to I by G/(i?) and their associated graded modules by 
n.{I,M) and G/(M) respectively, i.e., 

7^(7) = 0J^ 
and 7^(/, M) = /"M, 

Clearly TZ{I,M) is a finitely generated 7^(7)-module and Gi{M) is 
eratcd G/(i?)-module. 

Since / is m-primary ideal in R then by [3, 4.5.13], 1{I) = dimi? 
3(c)], since oj is faithful i?-module, we get loj{I) = Thus loj{I) = 



7" 



G.(M)=0^ 

n>0 



a finitely gen- 

= d. Using [9, 
= d. 
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Remarks 1.2. From [9, 4], it follows that the function 

ni — >£(Ext]^{M, j-„+i^ )) forcachi^O 
is given by a polynomial, say s\j{I, n), in n for all n S> and 
(*) dcgelj{I,t) < max{dimExt^(M,w),;^(/) - 1} . 

Moreover equality holds if dimExt*jj(M, w) ^ = d. If M is an MCM i?-module 
then using (*) we get that the function 

(a) n I — > i (Homij(M, cj//"+^cj)) is a polynomial type of degree d. 

(b) n I — > I (Ext)j(M, w/J^+^o;)) is a polynomial type of degree at most d—1. 

2. Relation with Hilbert Coefficients 

In this section we establish an equality between e^M) and the dual Hilbert coeffi- 
cient c[,{M) of M. 

2.1. Notation: We set 

T = {mI}„^o where = Homi^(M, ruj) for aU n ^ 1 
E}{M) = Ext*«(M, ru) and £»}(M) = Ext*^(M,a;//"a;). 

n^O n^O 

Remarks 2.2. 

(a) It can be easily seen that is an stable J-filtration. Therefore by [1, 11.4], 
the function 

n I — >e {My Ml) 

is given by a polynomial of degree dim = d, for all n ^ 0. Further the 
normalized leading coefficient of this function is eo(M^). 

(b) Notice that M and HomH(M,tt;) are both MCM i?-modules, It is well 
known and can be easily verified that 

e^(Mt) = e^(M). 

(c) Let E = ©„>o En he a finitely generated 7^(/)-modulc such that £R{En) < 
oo for all n > 0. It is well known that the function n i— > i{En) is polynomial 
of degree < d — 1. 

The following lemma is crucial. 

Lemma 2.3. Let M he a finitely generated R-module. Then for each i ^ 0, Ej{M) 

is finitely generated graded TZ{I) -module. 

Proof. Consider a minimal free resolution of M 

F. : ... ^ i^l ^ i^o ^ 0. 

Applying the functor Hom/{(— , 0^>q /"w) to this sequence, we get the complex 
Hom/{(F,, ®„>o /"t^) of finitely generated graded 7?.(/)-modules. We now have 

0Ext^(M,/"w) ^ Ext*«(M,0/"u;) 

n^O n^O 

= W |HomK(F.,0/"a;) I . 
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Hence for each z ^ 0, 0jj>q Ext^(M, /"w) is finitely generated graded 71(1)- 
module. □ 

Lemma 2.4. Let M be an MCM R-module. Then the following hold : 

(a) For i ^ 1, D}{M) ^ £}+^(M). So D}{M) is a finitely generated graded 
TZ{I) -module. 

(b) For all i ^ 1, the function n>-^ i (Ext^(M, /"w)) is a polynomial function 
of degree ^ d — 1. 

Proof, (a): Consider the exact sequence 

0^ Tlj ^Lj ^ ^0. 

Since M is MCM, Ext^(M,a;) = for all i > 1. So applying the functor 
liomji{M, — ) to the above exact sequence we get 

Ext*;j(M,cj/J"w) ~ Ext^^(M,/"w) foralH^l. 

From Lemma 2.3 it follows that D\{M) is finitely generated graded 7?.(/)-module 
and D}{M) ^ Ei+^{M) for alH > 1. 

(b): Since I is m-primary and by using part (a), wc get that for all i ^ 2, 
£ (Ext^(M, /"cj)) < oo for all n. Therefore by 2.2(c) the function 
n I — »■ £ (Ext^(M, /"w)) is a polynomial function of degree at most 1{I) — l = d—l. 
For i = 1, consider the exact sequence 

0^ Tuj ^ ^0. 
Applying the functor Homi{(M, — ) we get 

Ml 

It follows that e (Ext)j(M,/"u;)) < C50 for all n ^ 1. Using 2.2(c) wc get that for 
all n » 0, the function n i — > £ (Ext^(M, /"w)) is given a polynomial of degree at 
most d — 1. □ 

Another useful observation is recorded in the following proposition. 

Proposition 2.5. The function n i — > £ (Homi{(M, a;i{/7"+^tt;i{)) is of polynomial 
type and the dual Hilbert coefficient Cq{M) is same as the multiplicity of M with 

respect to I . 

Proof. Consider the exact sequence 

0^ I'^oj ^uj ^ ^0. 
Applying the functor Homi{(M, — ) we get 

^ ^ ^ HomH(M, ^ Ext^(M, 7"a;) ^ 0. 
Therefore it follows that 

£ {RomniM, j^)) = ( (^) + i (Ext^(M, /"a;)) . 

By Lemma 2.4(b), we have that the function n i — > £ (Ext^(M, /"w)) is given 
a polynomial function of degree at most d — 1. Also by Remark 2.2(a), the 



— ^ HomK(M, — ) ^ Ext^(M, J"w) ^ 0. 
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function n i — > £(M'''/Mt) is a polynomial type of degree d. So the function 
n I — > ^ (Honifl(M, Wfl/Z^+^Wfl)) is given a polynomial e%{I,t) and the leading 
coefficient of this polynomial is same as that of n I — > £{MyMl). Therefore 
c?(M) = e^(Mt). Remark 2.2(b) gives that 4{M) = e^(M). □ 

We end this section by computing the dual Hilbert-Samuel function with respect 

to a parameter ideal J. The reasons for this computations are the following 

(1) If J is a minimal reduction of / with respect to m then J is a parameter 
ideal. We also have 

ciiM) = eiiM) = e'oiM) = c-^iM). 

Here the first and the third equality is due to Proposition 2.5 while the 
second equality is a basic property of reductions. 

(2) The computation will also prove that 

Exto (m, ^ ] = for all n > 0. 



This assertion proves that we cannot hope that Theorem 4.2 to work for 
all m-primary ideals. 
(3) We need to compute the Dual Hilbert-Samuel function in this essentially 
simplest case of an m-primary ideal. 

Example 2.6. Let M be a MCM module. Let J = {xi,. . . ,Xd) be a parameter 

ideal. Then 



(a) e%{J, n) = i (Homfl(M, = ^(M/ JM) + 

(b) e\t{J, n) = I (Ext}j(M, = for all n > 0. 



Proof. Let 5{n) = /(x(J") = ("J^^ Since xi,. . . ,Xd is a i?-regular sequence, it is 
also w-regular. So we get 

Set S = R/ J. Notice ljs = uj/Juj. Wc will also use the fact that for i > 0, 

£ (Ext^(M, cj/Jlo)) = £ (Extj; (M/JM, lus)) , cf. [4, §18, Lemma 2] 

_(£{M/JM), ifi = 0; 
~ [0, ifi>L 



(*) 



We prove assertions (a), (b) by induction on n. For n = the result follows from 
(*). For n > we use the exact sequence 

^ J"w (J ^ 

We now apply the functor Hom/{(M, — ). The corresponding long exact sequence 
and (*) gives the result. □ 
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3. Behavior with respect to a Superficial elements 

In this section we discuss the behavior of e%{ui,t) with respect to a superficial 
element. To ensure good behavior, see 3.3, it is important to choose superficial 
elements with some care, see 3.2. 

Let us first recall some basic definitions. 

3.1. An element x G I is called M-superficial with respect to I if there exists an 
integer c > such that 

{r+^M :m x) n rM = ru for all n > c. 

Also recall that if £■ = 0„>o En is finitely generated graded 7^(7)-module then an 
element xt € Tl{I)i is called E- filter regular if 

{Q-.E x)n = for all n > 0. 
Equivalently : -B„ En+i are injective for n ^> 0, 

where is the map induced by multiplication by x (i.e., ax{u) = xu). Notice that 
if the residue field i?/m is infinite then superficial and filter regular element exists 
(sec [2, 18.3.10]). 

3.2. Choosing a superficial element: Since by Lemma 2.4, D\[M) are finitely 
generated 7?.(/)-modules for i ^ 1, we can choose an element x & I\P such that 

(a) X is /-superficial clement with respect to R(B lo- 

(b) xt e 7l(/)i is D}{M) © D2(M)-filter regular. 

Clearly we have x is R® M-regular. Set S = R/xR, J = I/{x) and N = M/xM. 
Notice that ujs = u)/xuj, the canonical module of S. 

Proposition 3.3. Let x G I\P be an element satisfying 3.2. Then 

(a) e^(/, n) - el[{I, n - 1) = e%{J, n) for n » 0. 

(b) eM{I,n) - e\f{I,n-l) ^ e\i{J,n) forn:^0. 

Proof. Consider the exact sequence 

^ ^ J"+^a; :x ^LJ ^ , ^ , p 

^ /"w ^ /"w ' 7"+ia; ^ (a;,/"+i)a; ~^ ' 
such that q;"(u + /"cj) = xm + 7"'+^w, WuGlu. 

As x is oj-superficial and w-regular, we have I'^^^uj : x = I'^oj for n ^ 0. Set 
J = I/{x). For n » 0, one can thus write above exact sequence as follows 

where lus = ^rJxujb.- the canonical module of S. Now applying the functor 

Homij(A'/, — ) we get a long exact sequence 

^ Homi^(M, ^ Hom^(M,7^) ^ Homfl(M, — ^ ^ 

^Ext^(M,-^)^ Ext}^(M,7^) 
By our hypotheses on x, the maps 

Extij(M,<): Extij(M,-^) ^ Ext^(M, 

Ext|j(M, O : Ext|j(M, ^ Ext|j(M, 
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are injcctivc for all 0. Therefore for all n ;2> 0, we get the exact sequences 
^ Homfl(M, ^ Uomn{M,j^) ^ Hom^CM, — ^) -> 

0-Ext^(M,-^)^ Ext^(M,7^) ^Ext^(M,-^;^)^0. 
Using [4, Lemma 18.2], we get 

ExtifM, — ^f— ) ^ ExtifA^, ^^f— ) for all n > 0. 

The result follows. □ 

The following is a very useful consequence to above proposition. 
Corollary 3.4. Let x he an elem,ent satisfying 3.2. Then 

ci{N) = cl{M) /or i = 0,1,2, 
Proof. It follows easily from Proposition 3.3(a) and the binomial identity 
^n-\- d — i ~ l\ fn + d — i\ fn + d — i — V 



d—i—1 J V d—i J \ d—i 



□ 



4. The function n i — > i (Ext)j(M, w/m"+it^)) 

In this section our goal is to show that for a non-free MCM i?-module M of 
dimension d^ 1, the degree of polynomial £M{m, t) with respect to maximal ideal 
m is exactly d — 1. This need not be true for all m-primary ideals in general (see 
Example 2.6. 

Recall the i-th betti number /3j of M (see [3, 1.3.1]) is given by 

/3j = dimfc Ext^(M, fc), where k = R/m. 

Note that /3o = the minimal number of generators of M. 

The following is the dual version of Proposition 17 in [7]. 

Proposition 4.1. Let dimM = > 1. Set L = Syz^(M), the first syzygy of M. 
Then 

(a) We have 

(Ext^(M,a;/7-^a;)) T = - MM)^£(;) + . 

(b) For n > the function n\ — > £ (Ext^(M, w//"+iw)) is given by a polyno- 
mial e\j{I,t) of the form 

eM{I,t) = {^,{M) ■ e{{uj) - c[{M) - c{{L))) — — — + lower degree terms. 

(c) c{{M)+c{{L))^ii{M).e{{u^). 
Proof, (a): Consider the exact sequence 

(i) ^ L ^ R"'^^^ -^M — . 0. 
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Applying Hom/j'(— , a;//"+^cj) to this, we get 
-Ext},(M,^) 0. 



This induces that 



V rtV I / _ f\d+l (^ _ n _ y-W+1 



fi,{t)~f,{M).hUt)+f[{t) 



(1 - t)<^+i 

(b) : Now we set p{t) = flf{t) - i^{M) ■ hl{t) + From Proposition 2.5, it 
follows that 

p{l) = e^(M) - m(M) ■ eliuj) + e^(L) = 0, by (i). 
We thus write p{t) = (1 — t)s{t). This gives that 

^^(Ext^(M,a;/7"+M)i"=-^ 

This shows that deg s\^{I,t) ^ d — 1. We also have 

s(l) = -p'{l) = m(M) ■ eiiu) - c((M) - c((L). 

Hence 

e]^{I,t) = {ii{M) ■ ei{uj) - c((M) - c((i)) + lower terms in i. 

(a ij. 

(c) : This follows easily from (b). □ 

In the following theorem we take / = m. We prove that if M is non-free MCM 
i?- module then deg£j^(m, t) = d — 1. 

Theorem 4.2. Let R be Cohen-Macaulay local of dimension d^ 1. The following 

conditions are equivalent 

(a) M is free. 

(b) e\,{m,t)=Q. 

(c) >iege\j{m,t) <d-l. 

(d) ci(M) + ci(Syz^(M)) = fi{M) ■ ei{u). 

Example 2.6 shows that this result need not true for all m-primary ideals. 

Proof of the theorem 4--2. The implications (a) (b) (c) are clear. The assertion 

(c) ^ (d) follows from Proposition 4.1(b). 

(d) (a): We apply induction on d = dimM. If d = 1 then s\j{m,t) = 0. So we 
get 



ExtofM, — = for all n » 0. 



The exact sequence 
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gives rise to a long exact sequence, for n 3> 0, 



0-Hom«(M,-^^) ^ HomH(M,^^^)^HomH(M,^) 
Therefore we get a relation 

/i(M) ■ eo{io) - [eo(M) ■ n - ci(M)] + [eo(M) ■ (n - 1) - ci(M)] - /3i • eo(u;) = 0. 

(i) So, eo(M) =/x(A/f) -eoH -/3i -eoM =Ai(M) -eoli?) -eoli?). 

Set Li = Syz^(M) and La = Syz^(Li). As M is MCM so are Li and Z/2- The 
exact sequence 

O^Li^ ii'^^^) ^ M ^ 

yields 

(ii) eo{L,) = fi{M) ■ eo{R) - eo(M). 
Similarly we get 

(iii) 60(^2) = /?i • eo(-R) - eo(Li). 
Therefore we have 

eo(L2) = /3i-eo(-R)-[MM)-eo(i?)-eo(M)] ( by (ii)) 

= [(3i-eo{R)-fi{M)-eo{R)]+eo{M) 

= -eo(M) + eo(M) = ( by (i)) . 

So L2 = and hence projdimjj(M) < 00. Using Auslander-Buchsbaum's formula 
we get M is free. 

When d> 1. We choose xi,X2, ■■■,Xd € m \ such that 

(1) Xi is Ri-i ® ti)i_i-superficial element, 

(2) e 7^(m)l is £;i(Mj_i) ©E'aCAf.-ij-filter regular, 

where i?, = R/{xi, ...,Xi) and = Af/(xi, ...,Xi)M for i = 1,2, ..,d. Set 

J = (xi,a;2, ....Xd-i), S = R/J and N = M/JM. 
Since a;i,a;2, ...,a;(i_i is regular on ii and M, a; and L are MCM, we get 

Syz^(Ar)^Syz^(M)/JSyz^(M), = a;^/ Jw^ and ^(M) = /x(Ar). 
By [7, 11(1)], we have 

ej{ujR) = ej{ws) and ej{M) = ej{N) for j = 0,1. 
Since M and Syzf (M) are MCM i?-modules, by Corollary 3.4, we have 

ci(M)=ci(Ar) and ci(Syz}j(M)) = ci(Syz^(Ar)). 
We now consider 

Ci(iV) + Ci(Syzi(iV)) = ci(M)+ci(Syzi,(M)) 

= /Lt(M) • ei(a;/j), by our hypothesis 
= ii{M) ■ eiius). 

Note that dim A/' = 1. So, by induction hypothesis, N is free 5- module. So 

Ext^(iV, k) = 0. But Ext^+^(M, k) ^ Ext^(iV, k). This gives Ext^^+^Af, fc) = and 
so Pd+i = 0. Therefore projdim^(M) < 00. Since M is MCM, using Auslander- 
Buchsbaum's formula we get M is free. □ 
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5. The case when ring is Gorenstein and its associated graded ring is 

Cohen-Macaulay 

In this section we assume that {R, m) is Gorenstein local ring of dimension d such 
that its associated graded ring Gi{R) is CM. Let r be a reduction number of /. 
Then we prove 

c{{M) > r . el{M) - g E ( ^ )^ (Ext],(M, -^)) . 

The above inequality motivates us to investigate the function 



1— n ^— n V / V 



j=0 n=0 

This we do. We show that if x & I\P is an ii-superficial element then we have 

$^(M) > <b^/^'^\M/xM). 

5.1. 0-Dimensional Case: We first deal with 0-dimensional Gorenstein ring S 

with unique maximal ideal n. Let J be a n-primary ideal and A'^ be a finitely 
generated S'-module. Since S is 0-dimensional, there exists a positive integer r G N 
such that J''+i = but r ^ 0. We have 



E^(Homs(iV,;4j^))t" = ^ 

^^[Hom5(iV, 



S \ „ ^ £(Homs(jV,g)) ^ 



„ ^ J^'+^S' 1-t 1-t 

By Matlis duality, ^ (Homs(iV, 5)) = t{lSS). So c^(7V) = e^(7V). Thus 



E^(Hom.(^>^))^" + ^-^ = 



n=0 

SO, /^(t) = (l-t).^\(^HomsW-y^))r + eo^(7V)•^^ 
Set a„ = £ (Homs(Ar,S'/J"+i5)). Therefore we get 

r-l 

(*) /i^(i) = (l-t)-5^a„i" + eo^(7V)-i^ 

n=0 

Using (*) we compute c{{N) for z = 0, 1. Note that 

d ' 



and ci{N) = 



t=i 



= r ■ ei{N) - 5] a. 



n=0 



5.2. General Case: Let {R, m) be Gorenstein local ring of dimension d^ 1 with 
m-primary ideal I such that the associated graded ring Gi{R) is CM. We choose 

x = xi,X2T-.,Xd S I\I^ be a sequence such that 

(1) is /-superficial element with respect to Ri-i, 

(2) Xi e 11(1)1 is £>i(Mj_i)-filter regular. 
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where Ri = R/ {xi, ...,Xi), h = I/{xi, ...,Xi), Mi = M/{xi, Xi)M for i = 
1, 2,..,d and Di{Mi) = 0^^^ Ext^^ (M^, Ri/I^). 

In the following proposition we set S = R/{x), n = m/(^), J = I/{x) and 

N = M/{x)M. 

Proposition 5.3. {with hypotheses as in 5.2) We have 

c{{M)^ci{N). 

Proof. By Corollary 3.4, we get 

(i) c{{M) = (Ml) = • • • = c['-' (Md-i). 

So in view of (i), it is enough to show that 

c['-\Mi_^)^ci{N). 

Thus wc may assume that the dimension of ring is 1, i.e., d = 1. Sinee Gi{R) is 
Cohen-Macaulay then i?-superficial element x € I\I^ implies that x* £ Gi{R)i is 
G/(i?)-regular. Set S = R/{x), N = M/xM and J = I/\x). Thus we get a short 
exact sequence of the form 

R R S 

Jn ^ Jn+1 ~^ Jn+1 ~* 

This gives the following long exact sequence 

^ Homfl,(Af, ^) ^ Homfl(M, j^) ^ Homs(7V, ^ Kn ^ 0, 

where if„ = ker (Ext^(M, R/I") Ext^(M, By construction = 

for all n » 0. Therefore we have 



{1-t) 

f^it) = /^(t) + (i-i)-Ewt" 



n>:0 



It follows that 



c(iN) = c{{M)-Y,mn) 

^ c5'(7V) < c((M). 

This completes the proof. □ 

Before stating our main theorem we first prove the following lemma. 

Lemma 5.4. Let x G 7\/^ he an R-superficial element. Set R' = R/{x), I' = 1/ {x) 
and M' = M/xM and . Then for j ^ and n>l we have 

(i) Ext^,{M',R'/r) =Ext^{M,R/I) 

(ii) i (exiUm', j^)^ ^ I (Extj,(M, -^)) + I (Exti+^(M, -^)) . 

Proof, (i) The first assertion follows from [4, §18, Lemma 2]. 

(ii) Clearly a; G / \ 7^ is (j/(ii)-regular. Thus for each n > 1, we get an exact 
sequence of the form 

R ai R R' 
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Applying Hom/f(M, — ), we get following long exact sequence 

... - Ext],(M, j^) - Exti(M, j^) - E^t^\M, ^) ^ ■ ■ ■ 
Prom [4, §18, Lemma 2] we get 

Exti(M,-^)=Exti,(M',-^) 
The result follows. □ 
We now make a convention that will be used throughout the section. 

5.5. Convention: For ideal /, we set P = R for j ^ 0. 

A useful inequality is recorded in the following corollary. 

Corollary 5.6. {with hypotheses as in 5.2) For all n ^ 1, we have 
I (Homs(7V, A)) ^ ^ Q . ^ (^Exti,(M, ^ 

Proof. By repeated use of Lemma 5.4 wc notice that 

Our convention gives that 

(Roms{N,4,)) < E(^)-^(Exti,(M,^)). 



;an check that 

(Homs(ivA)) ^ E(-)-^(Exti.(M,^) 



Similarly one can check that for all n ^ d 

d 



□ 



A relation between the dual Hilbert coefficients Cq{M) and c{(M) is established 
in the following theorem. 

Theorem 5.7. {with hypotheses as in 5.2) Let r be the reduction number of I. 
Then 

c{{M) ^ r . ei{M) - E E ( ■ )^ {^^^'h{M, j;^) 

Proof By Proposition 5.3, we have cf(M) > c({N). Since e^(iV) = e^(M) then 
we get 

c{{M) > r • e^(M) - ^ ^ f Homs(Ar, -^)) . 
By Corollary 5.6, we have 
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Therefore 

n=0 ^ ^ n=0 j=0 ^ \ ' 

The result follows. □ 



5.8. The previous result motivates us to study 

for a MCM i?-module M of dimension d with respect to ideal /. 

Remarks 5.9. We can simplify the expression for $^(M). 
(a) Notice that 

Extij(M, = for all n < j. 



Therefore we get 



(b) If r — 1 ^ rf, then we have 

^^w = ee(-)-^H-(m,^)) 

j=Q n=j V/ V / 

Proposition 5.10. Let x G I \ I^ be an R-superficial element. Then we have 

$^(M) > $^/(^)(M/a;M) 

Proof. For brevity set i?i = /i = //(x) and Mi = M/xM. Since is 

Cohen-Macaulay and x € I\P an i?-superficial then we have an exact sequence of 
the form 

Q "m -R Ri ^ 

This gives a long exact sequence of the form 

(*) . . . ^ Extj,(M, j^) -> Ext^^^(Mi, ^) E.t^\M, ^) ^ ■ ■ ■ . 
By definition of as dim Mi = — 1, we have 

Ri 



j=on=o \ J y \ -'l 



n+l-j 



) 
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From (*), it follows that 



j=0 n=0 

d-1 r-1 



1— n »i— n \ J / \ 



j=0 n=0 
d-l r-1 



j=0 n=0 
d r-1 



Notice that 



i:i:(-:0'H(«'7^')- 

1 = 1 n=0 V-^ / V / 



d-l\ fd- 1\ 

= ioY j = d and , -, = for j = 0. 



vJ-1 

Therefore using a well-known Binomial identity we get 

r-1 

I rl\ I H 



*'nMi)<$:E(-)^Hw-^ 

7=0 n=0 ' ^ 



Hence it follows that ¥^ (Mi) < <I>^(M). □ 

The following is an immediate consequence. 

Corollary 5.11. Let the situation be as in 5.2. Then we have 

4>(M) > $(Mi) ^ $(M2) > ■ • ■ > ^(Md) = $(7V). 

Remark 5.12. Let S be 0-dimensional Gorenstein local ring, and assume that 
J'^+i = but r i- 0. Then 



r-1 



$^(iV) = ^'£(Homs(iY,-^) 



«=o ^ 

Example 5.13. Let R = Cl[x,y]/ (f) be a hypersurface ring of dimension d = 1, 
where f = + xy + a homogeneous polynomial of degree 2. Let m = {x, y) R 
be a maximal ideal of R. Consider an i?-module 

M=(( •''V(^^ + ^|)Ci?^ 



-y J \ X 

Note that M is an MCM i?-module. Clearly reduction number r of m is 1. There- 
fore we get 

d r-1 



= EE( •)^(Ext].(M,^)) 



j=0 n=0 

= e(}iomR{M,-) 

= ii{M) = 2. 
^ r • eo(M) - i>'"(M) = 0. 
Therefore we get cf(M) > 0. 
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Wc now give an example where c{{M) could be negative. 

Example 5.14. Let {R,m) be zero dimensional Gorenstein local ring with reduc- 
tion number of m = 2, i.e., ^0 but = 0. Then we get 

(i) = Soc(ii) = Hom/j(fc, R) ~ k. 
We now take M = k. Consider the exact sequence 

This induces the following isomorphism 

R 

(ii) Homii(A;, ^) Ext^(A;, k). 

Let /u(m) = h, the minimal number of generators of m. Then using (i) and (ii), we 
get 



T.^(^oran{k,^))r = 



i-t 



^ i-t 

So, fZ{t) = t^ + {l-t){l + ht). 
Therefore it follows that cf{M) = 1 - h. So cf{M) < when h^2. 

A specific example of the above kind is the following: 
Example 5.15. Let e be any positive integer greater than 3. Consider 

P k[[t-,t-+\--- ,t'--']] 

It — ; 

it') 

It follows from [8, 3.2] that R is 0-dimensional Gorenstein local ring with maximal 
ideal 

m = r . 

it') 

Clearly h = ij{m) = e - 2 > 2. 

6. Example: Dual Hilbert-Samuel function of an Ulrich module 

In this section we assume that R and its associated graded ring Gm (R) arc Goren- 
stein. Let L = Syz^(M), denote the first syzygy module of M. Set S = R/{x), 
N = M/xM and n = m/xR. The goal of this section is to compute the Dual 
Hilbert-Samuel function of an Ulrich module. Recall that a MCM module M is 
said to be Uhich if e'^{M) = ijl{M) 

The following theorem gives a suSicient condition which ensures that the dual 
Hilbert-Samuel function of M behaves "perfectly" with respect to a superficial 
element. 

Theorem 6.1. Assume that x G m\m^ is such that x* is Gm{R) (B Gm{L)-regular. 
Then 

eM{m,n) - eM{m,n - 1) = e%{n,n) for n > 0. 
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Proof. Consider the following exact sequence 
This induces that 

(i) Dl{M) ^ 0Ext2j(M,m") Extlj(M, 7^(m)). 
Also the exact sequence 

— >L^ R"'^^^ — >M — . 
yields the following isomorphism 

(ii) Extij(L, 7^(m)) ~ Ext|j(M, 7^(m)). 
Prom (i) and (ii), it follows that 

(iii) Dl{M) ^Y.^t\{L,n{m)). 

Since Gm{R) is Gorcnstcin and Gm{L) and the homogeneous element x* £ TZ{m)i 
is Gm{R) ® Gn,(i)-rcgular then by [6, 11.5], the sequence 

^ HomK(i,m") ^ Homfl(L,m"+i) — > Homji(L, n"+i) — > 

is exact for all n > 0. Therefore it follows that the maps 

Ext^(L,m") Ext^(L,m"+^) are injective for all n > 

Using (iii) the maps 

R s xt R s 



Extij(M, — ) i ExtJ,(M, 



ri+l ' 



m" m 
are injective for all n ^ 1. Therefore the short exact sequence 

R < R S ^ 

induces a short exact of the form 

- Hom«(M, A) ^ Hom«(M, ^) - Hom«(Ar, -^) ^ 0. 
This proves our assertion. □ 

6.2. The Ccise when M is Ulrich module: Let M be Ulrich _R-module. Then 
there exists J = {xi,X2, ■ ■ ■ , Xd), a minimal reduction of m such that JM = mM. 
Therefore we get 

M _ _ 

Let /x(M) denote minimal number of generators of M. Then M/JM ~ fc'*^^^. 

6.3. Assume (5, n, fc) is a 0-dimensional Gorenstein local ring with Gn{S) Goren- 
stein. So there exists a positive integer r such that n'" 7^ but n''+^ = 0. From the 
exact sequence 

one can verify that 

ILoms{kA)^[ f"t5(^,n^) forz=l,2,...,r 
^ n' \ k iovi> r. 
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Also notice that Exts(fc,n*) = fc^i^"'\ where /xi(n*) is the first Bass number of n* 
Now we can compute the dual Hilbert-Samuel series of k with respect to n. 



D{k,t) = ni{n) + ni{n'')t + . . . + ^il{n'')e-^ 



t' 



r+l 



(l-t) 

(i-^)-[E:roViK+i)-f)]+r+i 
(i-t) 

Proposition 6.4. Let M be an Ulrich R-module. Then we have 
MM) [(l-<) Em »(■>'+■) ■<*)] + *'-' 



D(M,t) . 

Proof. Since M is Ulrich i?-module, there exists J = {x-i,X2, ■ ■ ■ ,Xd), a minimal 
reduction of m such that JM = mM. Set M = M/JM. In [5] wc prove that 
Gm(Syz^(M)) is Cohen-Macaulay. In view of Theorem 6.1, it follows that 

DiM,t) = m4^£o^ 
^ ^ {i-tf {i-tf 



{1-tr 

KM) ■ [(1 - t) . ElJo' Mi(n'+i) . + tr+i 



(1 - tf+^ 

The last equality follows from 6.3. □ 
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